Abstract. For a Grothendieck category having a noetherian generator, we prove that there exist only finitely many minimal atoms. This is a far-reaching generalization of the well-known fact that every commutative noetherian ring has only finitely many minimal prime ideals. It is also shown that each minimal atom is represented by a compressible object.
Introduction
Gabriel's spectrum [Gab62] is a fundamental tool to study Grothendieck categories and has been investigated by many authors ([Her97, Kra97, Ros95, Pap02] for example). The atom spectrum of a Grothendieck category is a variant of Gabriel's spectrum, which was introduced by the author [Kan12] based on the work of [Sto72] . Each element of the atom spectrum is called an atom. While Gabriel's spectrum is defined as the set of isomorphism classes of indecomposable injective objects, the atom spectrum is defined as the set of equivalence classes of monoform objects in order that it works even for other kinds of abelian categories without enough injective objects such as noetherian abelian categories (see [Kan12] ). Moreover, the atom spectrum always has the structure of a partially ordered set, and in the case of the category of modules over an arbitrary commutative ring, it is isomorphic to the prime spectrum of the commutative ring as a partially ordered set.
In the case of locally noetherian Grothendieck categories, such as the category Mod Λ of right modules over a right noetherian ring Λ, the atom spectrum coincides with Gabriel's spectrum via generalized Matlis' correspondence ([Kan12, Theorem 5.9]) and behaves as the set of structural elements of the Grothendieck category. For example, the atom spectrum is large enough to classify localizing subcategories (Theorem 3.3) and E-stable subcategories ([Kan15, Theorem 6.4]).
In this paper, we investigate a Grothendieck category having a noetherian generator and its atom spectrum. The category of right modules over an arbitrary right noetherian ring is our motivating example. The advantage of this approach is that a Grothendieck category having a noetherian generator can be localized at every atom and we obtain such a Grothendieck category again as the output. This fact enables us to show new results which have not been revealed in classical ring theory.
For a Grothendieck category with a noetherian generator, our previous result states that there exist enough minimal atoms in the sense that each atom is greater than some minimal atom (Proposition 4.2). As Theorem 4.4, we prove the main result of this paper: Theorem 1.1. Let A be a Grothendieck category having a noetherian generator. Then there exist only finitely many minimal atoms in A. This is a far-reaching generalization of the well-known fact that every commutative noetherian ring has only finitely many minimal prime ideals. Since the minimal atoms are not necessarily associated atoms of the fixed noetherian generator (Remark 4.8), we shall develop another method using the notion of compressible objects, which has been studied in [Gol64, Gol72, Mew72, GR73, Goo80] for example. A key step in the proof is given by Theorem 4.1 asserting that every minimal atom is represented by a compressible object.
The main theorem yields a new result even for right noetherian rings.
Corollary 1.2. Let Λ be a right noetherian ring. Then there exist only finitely many minimal atoms in Mod Λ.
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Preliminaries
This section is devoted to preliminary results which we use in the proof of the main result. We refer the reader to [Pop73] for the general theory of abelian categories and Grothendieck categories.
Throughout this section, let A be a Grothendieck category. We recall the definition of the atom spectrum of A and some basic results. See [Kan14, section 3] for more details.
Definition 3.1.
(1) A nonzero object H in A is called monoform if for each nonzero subobject L of H, no nonzero subobject of H is isomorphic to a subobject of H/L. (2) For monoform objects H 1 and H 2 in A, we say that H 1 is atom-equivalent to H 2 if there exists a nonzero subobject of H 1 which is isomorphic to a subobject of H 2 . This is an equivalence relation on the class of monoform objects in A ([Kan12, Proposition 2.8]). (3) The atom spectrum ASpec A of A is the quotient set of the class of monoform objects in A by the atom equivalence. Each element of ASpec A is called an atom in A. For each monoform object H in A, the equivalence class of H is denoted by H.
For a ring Λ, denote by Mod Λ the category of right Λ-modules. This is a Grothendieck category. For a commutative ring R, we have a bijection between the prime spectrum Spec R and the atom spectrum ASpec(Mod R) given by p → R/p (see [Sto72, p. 631] or [Kan12, Proposition 7.2 (1)]). Moreover, the notion of support in commutative ring theory is generalized to Grothendieck categories as follows.
Definition 3.2. Let M be an object in A. The atom support ASupp M of M is the subset of ASpec A defined by
The atom spectrum ASpec A is regarded as a topological space with respect to the localizing topology, that is, a subset Φ of ASpec A is open if and only if Φ = ASupp M for some object M in A. For a commutative ring R, a subset of ASpec(Mod R) is open if and only if the corresponding subset Φ of Spec R is closed under specialization, that is, the conditions p ∈ Φ and p ⊂ q imply q ∈ Φ. The localizing topology is used to classify the localizing subcategories of A: 
Proof. See [Kan14, Theorem 6.8] and [Kan14, Proposition 6.5] for a detailed proof.
The inclusion relation between prime ideals is generalized as the specialization order on ASpec A, which is denoted by ≤ (see [Kan14, Definition 3.16 
]).
For a localizing subcategory X , the quotient category A/X is a Grothendieck category together with a canonical (covariant) functor A → A/X , which is dense and exact and has a fully faithful right adjoint (see [Kan13, section 5] ). For each α ∈ ASpec A, the localization A α is defined as the quotient category of A by the localizing subcategory corresponding to α ([Kan13, Definition 6.1]), and the canonical functor A → A α is denoted by (−) α . This is a generalization of the localization of a commutative ring at a prime ideal ([Kan13, Proposition 6.9]).
The following result is used to obtain a subobject in A from a subobject in the localized category.
Proposition 3.4. Let M be an object in A and α ∈ ASpec A. Then for each subobject
Proof. This follows from [Kan14, Proposition 4.9] and [Kan13, Proposition 6.2].
We introduce a characterization of monoform objects. Recall that every nonzero subobject of a monoform object is again monoform ([Kan12, Proposition 2.2]).
Proposition 3.5. Let H be an object in A and α ∈ ASpec A. Then H is a monoform object with H = α if and only if
(1) H α is a simple object in A α , and (2) L α = 0 for every nonzero subobject L of H. 
Proof. Assume that H is a monoform object with
Recall that a generator in a Grothendieck category A is an object M such that every object in A is a quotient object of a (possibly infinite) direct sum of copies of M . In the next section, we investigate a Grothendieck category having a noetherian generator. The following well-known result shows that this property is preserved by taking the quotient category by a localizing subcategory.
Proposition 3.6. Let X be a localizing subcategory of A, and let F : A → A/X be the canonical functor.
(
(2) For every noetherian object M in A, the object F (M ) in A/X is noetherian.
Proof.
(1) This is shown by using the fact that F is dense and exact and preserves arbitrary direct sums.
(2) This follows from [Kan14, Proposition 4.9].
The following lemmas are used in the proof of the main result in the next section.
Lemma 3.7. If M is a generator in A, then ASpec A = ASupp M .
Proof. Let H be a monoform object in A. Then there exists a nonzero morphism f : M → H. Since Im f is a nonzero subobject of H, we have H = Im f ∈ ASupp(Im f ) ⊂ ASupp M . Hence the assertion holds.
Lemma 3.8. Let α ∈ ASpec A.
(1) Let H be a monoform object in A with H = α, and let M be an object in A satisfying M α = 0. Then Hom A (M, H) = 0. (2) Let H 1 and H 2 be monoform objects with H 1 = H 2 = α. Then every nonzero morphism H 1 → H 2 is a monomorphism.
(1) Assume that a morphism f : M → H is nonzero. Then we have α = H = Im f ∈ ASupp(Im f ). On the other hand, since Im f is a quotient object of M , we have (Im f ) α = 0 by the assumption. By [Kan13, Proposition 6.2], we have α / ∈ ASupp(Im f ). This is a contradiction. (2) Assume that a morphism f : H 1 → H 2 is not a monomorphism. Then Proposition 3.5 shows that (Ker f ) α is a nonzero subobject of the simple object (H 1 ) α , and we have (H 1 / Ker f ) α ∼ = (H 1 ) α /(Ker f ) α = 0. By (1), the induced monomorphism H 1 / Ker f → H 2 is zero, and we obtain f = 0.
The notion of compressible object, which has been studied in [Gol64, Gol72, Mew72, GR73, Goo80] for example, plays an important role in the next section. We recall the definition and some basic properties of compressible objects. Definition 3.9. A nonzero object H in A is called compressible if each nonzero subobject L of H has some subobject which is isomorphic to H. Proposition 3.10.
(1) Every nonzero subobject of a compressible object in A is compressible.
(2) If A is a locally noetherian Grothendieck category, then every compressible object in A is noetherian and monoform.
(1) Straightforward.
(2) Let H be a compressible object in A. Then H has a nonzero noetherian subobject, and by [Kan12, Theorem 2.9], the subobject has a monoform subobject L. There exists a subobject of L which is isomorphic to H, and hence H is monoform.
In the case of commutative rings, compressible modules are characterized as follows.
Proposition 3.11. Let R be a commutative ring.
(1) ([Gol72, 3.38]) For an ideal p of R, the object R/p in Mod R is compressible if and only if p is a prime ideal. (2) An R-module H is a compressible object in Mod R if and only if H is isomorphic to a nonzero R-submodule of R/p for some p ∈ Spec R.
(1) For the convenience of the reader, we include a proof. Assume that R/p is compressible. Then for each a ∈ R \ p, we have Ann R (a ∈ R/p) = p since aR has an R-submodule isomorphic to R/p. This shows that p is a prime ideal.
Conversely, let p is a prime ideal, and let L be a nonzero R-submodule of R/p. Take a nonzero element a ∈ L. Since we have Ann R (a) = p, it holds that aR ∼ = R/p.
(2) Assume that H is compressible. Take a nonzero element x ∈ H. Then H is isomorphic to an R-submodule of xR, which is compressible by Proposition 3.10 (1). We have xR ∼ = R/ Ann R (x), and by (1), the ideal Ann R (x) is prime.
The converse follows from (1) and Proposition 3.10 (1).
Remark 3.12. For a commutative ring R, each atom in Mod R is of the form R/p for some p ∈ Spec R, and R/p is a compressible object in Mod R.
On the other hand, for a right noetherian ring, an atom is not necessarily represented by a compressible object. Indeed, Goodearl [Goo80] constructed a left and right noetherian ring Λ such that there exists a monoform Λ-module which does not have a compressible Λ-submodule.
Main result
Throughout this section, let A be a Grothendieck category having a noetherian generator. Denote by AMin A the subset of ASpec A consisting of all minimal atoms. The following theorem shows that the behavior of minimal atoms is similar to atoms in Mod R for a commutative ring R.
Theorem 4.1. For every α ∈ AMin A, there exists a compressible object H in A satisfying α = H.
Proof. Let M be a noetherian generator in A. By [Kan13, Proposition 6.6 (1)], the topological space ASpec A α is homeomorphic to the singleton {α} since α is minimal. Hence by Proposition 3.6 (2) and [Kan13, Proposition 3.7 (3)], the object M α in A α has a composition series
Hence by Proposition 3.5, the object H i := L i /L i−1 is monoform and H i = α. Since the monoform objects H 1 , . . . , H n represent the same atom α, there exists a monoform object H in A such that for each i = 1, . . . , n, the object H is isomorphic to some subobject of H i .
Let H ′ be a nonzero subobject of H. Since M is a generator in A, there exists a nonzero morphism M → H ′ . By using the series of M , we obtain a nonzero morphism
′ for some i = 1, . . . , n. Lemma 3.8 (1) implies that the former case does not occur, and Lemma 3.8 (2) implies that the nonzero morphism
′ has a subobject which is isomorphic to H by the definition of H.
The following result shows the existence of minimal atoms, which is used in the proof of Proposition 4.3. In order to prove the finiteness of AMin A, we show some topological properties of it. Although the statement is quite simple, the proof needs our previous results. Proposition 4.3. AMin A is a closed subset of ASpec A, and the induced topology on AMin A is discrete.
Proof. Let α ∈ AMin A. We show that the subsets We are ready to prove the main result of this paper. For a right noetherian domain Λ, we can describe the minimal atoms in Mod Λ as follows.
Example 4.6. Let Λ be a right noetherian ring which is a domain, that is, for each a, b ∈ Λ, the condition ab = 0 implies a = 0 or b = 0. Then the object Λ in Mod Λ is compressible since the right Λ-module aΛ is isomorphic to Λ for each a ∈ Λ. Hence by Proposition 3.10 (2), the object Λ in Mod Λ is monoform. Since Λ is a generator in Mod Λ, it follows from Lemma 3.7 that ASpec(Mod Λ) = ASupp Λ. We deduce from [Kan13, Proposition 4.2] that AMin(Mod Λ) = {Λ}.
Wu [Wu88] gave an example of a Grothendieck category with a noetherian generator which does not satisfy the condition Ab4*, that is, direct product is not exact. In particular, the Grothendieck category is not equivalent to the category of right modules over a ring. We give a description of the minimal atoms of the Grothendieck category.
Example 4.7. For simplicity, let R be a commutative noetherian Gorenstein ring with Krull dimension at least 2. Let Φ := { p ∈ Spec R | ht p ≥ 2 } and
Wu [Wu88] showed that the Grothendieck category A := (Mod R)/X does not satisfy Ab4*, whereas the image of R by the canonical functor Mod R → A is a noetherian generator in A. In this case, the atom spectrum ASpec A is isomorphic to (Spec R) \ Φ = { p ∈ Spec R | ht p ≤ 1 } as a partially ordered set. Therefore AMin A is in bijection with the set of minimal prime ideals of R. since Ass R is a finite set. In the case of a Grothendieck category A with a noetherian generator M , it holds that Min(ASpec A) = Min(ASupp M ) by Lemma 3.7, and the set AAss M of associated atoms of M is finite ([Kan12, Remark 3.6]). However, the equality Min(ASupp M ) = Min(AAss M ) is far from being true even in the case where A = Mod Λ for a ring Λ. For example, let Λ be the ring K 0 K K of 2 × 2 lower triangular matrices over a field K. Denote the indecomposable right Λ-modules by S 1 := K 0 , S 2 := K K / K 0 , P 2 := K K .
Then Λ = S 1 ⊕ P 2 as a right Λ-module, and we have AMin(Mod Λ) = Min(ASupp Λ) = ASupp Λ = {S 1 , S 2 } = {S 1 } = AAss Λ = Min(AAss Λ).
